Femtosecond laser-induced volume nanograting formation is numerically investigated. The developed model solves nonlinear Maxwell's equations coupled with multiple rate free carrier density equations in the presence of randomly distributed inhomogeneities in fused silica. As a result of the performed calculations, conduction band electron density is shown to form nanoplanes elongated perpendicular to the laser polarization. Two types of nanoplanes are identified. The structures of the first type have a characteristic period of the laser wavelength in glass and are attributed to the interference of the incident and the inhomogeneity-scattered light waves. Field components induced by coherent multiple scattering in directions perpendicular to the laser polarization are shown to be responsible for the formation of the second type of structures with a subwavelength periodicity. In this case, the influence of the inhomogeneity concentration on the period of nanoplanes is shown. The calculation results not only help to identify the physical origin of the self-organized nanogratings, but also explain their period and orientation.
I. INTRODUCTION
A multiple irradiation of bulk fused silica by ultrashort laser pulses is known to induce volume nanogratings (VNGs) in fused silica [1] [2] [3] [4] [5] [6] [7] [8] and a few other materials [9] [10] [11] [12] [13] [14] [15] . First observed in 2003 by using a fixed focused femtosecond laser beam [1] , these nanoplanes are found to be oriented perpendicular to the laser polarization. Nowadays, the VNGs are still considered to be the smallest embedded structures ever created by light. Further experimental investigations of the phenomenon revealed numerous interesting features of these nanogratings. In particular, it was found that laser electric field direction controls their alignment for any scan direction [2] , enabling the imaging of complex polarization states [16] and the inscription of rotated nanogratings [17] . The nanoplanes are spaced by half of the wavelength in the medium independently of pulse energy [2, 8, 11] . The period was shown to decrease continuously with the number of the applied pulses [1, 8, 10, 13, 18, 19] . It was also demonstrated that the periodicity could be controlled by changing the temporal pulse envelope [6] . A rigorous study of the phenomenon was performed by Taylor et al., where three regimes of femtosecond laser dielectric modification at different laser conditions were underlined [4] : (i) smooth modification, (ii) birefringent modification enabling nanograting self-organization, and (iii) disruptive modification at higher pulse energy and longer pulse duration. An ability to influence the resulting properties of femtosecond laser-written nanoplanes by changing laser parameters has opened up new opportunities in direct writing [3] , developing polarization-sensitive devices [20] [21] [22] , fabrication of nanofluidic channels [23] [24] [25] , and five-dimensional optical data storage [26] . Several experimental works then investigated the evolution of nanograting formation [7, 19, 27, 28] . A closer examination revealed that the periodically arranged nanoplanes are preferentially formed at the interface between the regions affected and unaffected by the femtosecond * anton.rudenko@univ-st-etienne.fr † jean.philippe.colombier@univ-st-etienne.fr ‡ tatiana.itina@univ-st-etienne.fr laser irradiation [7] . It was evidenced that predistributed nanogrooves and laser-induced defects strongly affected local field arrangement [27] .
Several hypotheses were proposed to explain the organization of periodic structures as an interference between the incident wave and electron plasma waves [1, 13] , an interplay between nanoplasmonic and incubation effects [2, 4, 29, 30] , self-trapping of excitons [31, 32] , standing wave [33] , ionization scattering instabilities [34] [35] [36] , second harmonic generation [37] , Boson condensation [38] , Coulomb explosion [39] , excitation of surface plasmon polaritons [40, 41] , and a spacecharge built from ponderomotive force [42] . The first model for nanograting formation was proposed by Shimotsuma et al. [1] based on the interference of the laser field with the laserinduced plasma waves. In this model, the nanograting period depends on the optical properties of the plasma and on the local temperature. This approach becomes invalid at a high plasma density and does not agree with the experimental observations denying the strong pulse energy dependence of the nanograting period. Another scenario was proposed by Taylor et al. [4] , describing the evolution of spherically shaped nanoplasmas from the hot spots organized inhomogeneously around defects or color centers, leading to anisotropic multiphoton ionization. The periodicity is defined by the lowest order optical mode of multiple nanoplasmas, which behave like planar metallic waveguides [2] . Buividas et al. proposed that nanoplanes were pinned to the smallest possible standing wave cavity inside material [33] . Despite the predicted grating period of half the wavelength in the media agrees with experimental results, the dependency of the period on the number of laser pulses deviates from the above prediction. In fact, this dependency cannot be explained by corresponding changes of the refractive index [43] . It was also reported that longitudinal periodicity of nanogratings could be explained by interference of short-living exciton polaritons [31, 32] . In contrast to plasma wave [1] and nanoplasmonic models [2, 4] , this approach requires low electron densities, as at higher densities the exciton-polariton interaction is heavily screened by the electron plasma when it begins to efficiently absorb laser energy [44] . Finally, Liao et al. suggested that excitation of standing plasma waves at the interfaces between modified and unmodified areas played a crucial role in promoting the growth of periodic nanogratings [7] and their self-organization mechanism had similarities with femtosecond-laser-induced surface ripples formation [41] . However, it was further underlined that the evidence of the defect-assisted local field rearrangement excluded the scenario that the nanograting was a result of interference between the writing beam and the surface plasma waves [27] .
Furthermore, several numerical models were developed to investigate femtosecond laser-induced modification in fused silica. Some of them were based on the nonlinear Schrödinger equation (NLSE) [45] [46] [47] , others used Maxwell's equations coupled with rate equation for free electron generation [34, 35, 41, [48] [49] [50] [51] . However, the NLSE being an asymptotic parabolic approximation of Maxwell's equations, requires the unidirectionality of the light beam and cannot describe cases where dense electron plasma is generated causing light scattering to large angles [35, 36] . Most of the previous numerical models based on Maxwell's equations treated material as homogeneous media to analyze the spatial and temporal distributions of the electron density in the dielectric materials. Finally, Buschlinger et al. proposed that nanometer-sized inhomogeneities played an important role in volume nanograting formation and they were required as the seeds to start the process [48] .
There were experimental evidences that the initial nonirradiated defects were present in fused silica and they were activated by femtosecond laser irradiation [7, 27, 31, [52] [53] [54] [55] [56] [57] , leading to the inhomogeneous localization of the multiphoton ionization [2, 48] . The created nanoplasma affected the laser propagation pulse by pulse due to the presence of a feedback mechanism based on memory of previous nonlinear ionization [58] . Additionally, impurities that were embedded in bulk fused silica also contributed to nanograting formation. They also enhanced and improved the nanoplasma incubation process [15, [59] [60] [61] . In previous studies, the dynamics of laser interaction with inhomogeneities of different nature was studied for voids [48] , for nanospheres of densified fused silica [41] , and for metallic nanoparticles [62] . In all these cases, multiphoton absorption led to the generation of free electron plasma in the near field of the inhomogeneity and to the reinforcement of scattering, which induced new plasma formation in the backward propagation direction. In a recent work, it was shown that the nanometric void inhomogeneities, irradiated by a femtosecond laser, acted as the seeds of plasma structures growing against the direction of laser propagation [48] . The orientation of these nanoplanes was found to follow laser polarization direction. This result was in a good agreement with several experimental observations [16, 17] . However, the influence of the concentration of inhomogeneities on the evolution of nanogratings, to our knowledge, has not been investigated previously, leaving unexplained the results of several experiments [15, [59] [60] [61] .
Despite numerous previous studies, the mechanism of VNG formation is still far from being completely understood. None of the hypotheses presented above explained the whole physics of the phenomenon and very few attempts were made to prove or to invalidate any of them based on numerical calculations [35, 36, 41, 48, 49] .
Herein we present a numerical model based on Maxwell's equations coupled with a multiple rate carrier electron density equation [63] , which accounts for both electronimpact (avalanche) and photoionization processes [64] . We consider smooth and sharp concentration profiles of randomly distributed inhomogeneities and identify the organized nanoplanes of two types: LFNGs (low-frequency nanogratings) and HFNGs (high-frequency nanogratings). Then we study the evolution of the nanogratings by varying several parameters, such as laser wavelength, concentration of inhomogeneities, laser pulse energy, polarization, and pulse width. Finally, we compare the obtained calculation results with the available experimental findings and discuss the physical origin of the laser-produced VNGs.
II. NUMERICAL MODEL
To model the laser light propagation we solve Maxwell's equations
where E is the electric field, H is the magnetic field, J D is current derived from the Drude model for the dispersive media, J Kerr is Kerr polarization current, and J pi is the multiphoton ionization term by using the finite-difference time-domain (FDTD) method for nonlinear and disperse media [34, 35, [48] [49] [50] [51] . At the edges of the grid, absorbing boundary conditions related to convolutional perfect matched layers (CPML) are set to avoid nonphysical reflections [65] . The system of nonlinear Maxwell-Ampere equations is solved by the iteration method proposed in [66] . Furthermore, the heating of the conduction band electrons is modeled by the Drude model with a time-dependent carrier density as follows:
where e is the elementary charge, m e is the electron mass, n e is the free carrier density, and ν e = 2 × 10 15 s −1 is the electron collision frequency [67] [68] [69] [70] . In addition, a nonlinearity of the third order is included to take into account the Kerr effect as follows:
where the third-order susceptibility is χ 3 = 2×10 −22 m 2 V −2 [71] .
As typical intensities reached in our simulations are around or larger than I = 10 17 W/m 2 , we consider a complete Keldysh photoionization rate w pi [64] , including multiphoton and tunneling ionization. The corresponding current is written as follows:
Here E g = 9 eV is the electron band gap in the absence of the electric field, n a = 2 × 10 28 m −3 is the saturation density,
is the intensity, and n is the refractive index of unexcited fused silica with n e = 0. Note that applying six-photon ionization model instead of complete Keldysh ionization rate leads to an overestimation of ionization rate up to three orders in magnitude in our intensity interval [62, 72, 73] .
Maxwell's equations are then coupled to the multiple rate equations to calculate conduction band electron density by considering both electron avalanche and photoionization [63] . The system of i m coupled equations is written as follows:
where i m is defined by the critical energy of the impact ionization and the corresponding one-photon energy, the total electron carrier density n e = i m i=1 n i ,ᾱ is the avalanche parameter, and W 1,pt is the mean value of the one-photon absorption probability for fused silica. Unlike the single-rate equation, the multiple rate equation takes into account the fact that only the electrons of i m population, which have sufficiently high energy, contribute to the avalanche ionization [63] . The number of discrete energy states is calculated as
], where the critical energy for impact ionization
2 ), the reduced electron mass is m * = 0.5m e , the laser pulsation is ω L = 2πc/λ, and the corresponding photon energy is ω L . The one-photon absorption probability is defined as [63] . In most of calculations, we solve a system of i m = 10 equations adopting the corresponding one-photon absorption probability. The performed numerical calculations demonstrate, however, that the results are slightly dependent on these parameters. This invariance is due to the fact that photoionization rate is much more significant than the avalanche one for subpicosecond pulses [68, 72, 74, 75] . The recombination effect is included with τ tr = 150 fs [76] .
In this article we analyze the temporal evolution of the electron density distribution of plasma generated by ultrashort laser pulse irradiation during 1 fs pulse by solving the system of Eqs. (1)- (5). Herein, the terms "nanogratings,", "nanoplanes," or "nanostructures" designate only free carrier density profile. The experimental evidence of the electron density influence on the formation of the final structure can be found in [14, 58, 77, 78] .
A comment should be made on the modeling of the impurities of different nature in fused silica. The role of the chemistry in laser-induced structural glass modification was addressed in many studies [52] [53] [54] [55] [56] [57] [79] [80] [81] [82] . Several experimental works reported the presence of color centers [53, 55] , voids [57, 80] , and oxygen [52, 81] in laser-ablated glasses and also self-trapped excitons [71, 79] , which influence energy transport and lattice defect formation [31, 32] . It is also known that oxygen vacancies lead to the narrowing of the material band gap [52, 55, 83, 84] . According to the experimental data, only 1 from 10 4 defects survives after each femtosecond laser shot [85] . It means that several pulses and electron densities significantly higher than 10 24 m −3 are needed to induce permanent modification pulse by pulse [86] , otherwise the number of defects after the laser shot would be comparable to the number of natural defects in the bulk of fused silica. When the larger number of electrons is generated from valence band to conducting band, the laser-induced structural changes involve the formation of new defects [87] .
For simplicity we consider here nanoregions with a reduced ionization potential to be inhomogeneities formed as a result of multiple laser interactions. The inhomogeneities are initially set to be spheres of 5-10 nm radius of the dielectric material. The electromagnetic field in these regions is modeled by resolving the same system of Eqs. (1)- (5) with a narrower electron band gap E g = 5.2 eV [49, 71, 79, 88] . As long as the size of the inhomogeneity is considerably smaller than the irradiation wavelength, the initial plasma generation follows the Rayleigh scattering distribution [62] . The dynamics of the femtosecond laser interaction with such inhomogeneities is qualitatively the same giving us the opportunity to simulate up to a = 10 nm nanospheres for λ = 800 nm [48, 62] . The laser-induced inhomogeneity concentration increases with the number of pulses due to nonlinear ionization [58] . Therefore, we investigate the resulting electron density distribution by laser irradiation of randomly distributed inhomogeneities with different initial concentration corresponding to the state of laser-induced fused silica after several pulses. In fact, such an approach allows us not only studying the pulse number effect on the nanograting characteristics but also modeling of initially slightly doped fused silica with corresponding concentrations of inhomogeneities [15, 59, 61] .
The initial Gaussian electric field profile is considered as a focused beam source with the beam waist of w 0 = 3 μm and the numerical aperture NA = n sin( λ πw 0 ) < 0.2 for irradiation wavelength from λ = 400 nm up to λ = 1200 nm relatively not high, for which the paraxial approximation of the Gaussian beam's profile is still valid [35, 49] . Pulse width at half maximum (FWHM) is varied from θ = 80 fs up to θ = 240 fs. For such ultrashort pulses, ionization takes place before thermal effects such as heat diffusion occur [89] , thus our numerical model, neglecting the electron-lattice exchange, is able to describe the modification in dielectric during the pulse duration. Based on the ionization memory effect [58] , we suppose that the physical origin of the nanograting selforganization is the result of the electrodynamic processes and electron plasma evolution which take place during the pulse duration. Recent thermoelastoplastic modeling of laser-matter interaction has shown that the final modification structure is imprinted into bulk glass already at subnanosecond time scale [36] .
First, we report the results of 2D-FDTD modeling of the TM-polarized mode. Thus, all the resulting snapshots of the electric fields, intensity, and electron density are in the plane (1)- (5) demonstrating the evolution from a single inhomogeneity of radius a = 5 nm localized in (0.3,0) μm to nanoplane taken at (a) 40 fs before the pulse peak, (b) at the pulse peak, and (c) 40 fs after the pulse peak. Laser irradiation conditions: pulse duration θ = 120 fs (FWHM), irradiation wavelength λ = 800 nm, pulse energy E = 300 nJ. Here and further, electron density is normalized to its critical value at 800 nm n crit = 1.7 × 10 27 m −3 and k is the incident laser wave vector.
xOz, where the focused beam is polarized along x direction and z is the propagation direction. Then, numerical results of 3D-FDTD modeling are presented and discussed.
III. RESULTS AND DISCUSSION

A. Evolution from a single inhomogeneity to a nanoplane
As an example, we start by considering femtosecond laser interaction with one spherical nanometric inhomogeneity of radius a = 5 nm in fused silica. Interestingly, even electron density profiles calculated around single inhomogeneity already reveal a remarkable plasma elongation backwards in the direction perpendicular to laser polarization in Fig. 1 . Note that the process is very rapid and nonlinear. In addition, local field enhancement leads to sufficiently high intensities, so that the multiphoton ionization starts playing a crucial role changing the refractive index of the medium. Therefore, changes both in scattering and in absorption characteristics of the medium also take place.
In the near field of the nanoparticle, where r λ/2πn, the intensity is strongly enhanced. One can thus expect that multiphoton ionization is also higher in these areas. The enhancement as well as the initial intensity distribution are different for inhomogeneities of different nature. For voids, or for inhomogeneities with an enhanced ionization cross section [48] , the scattering is weaker than for metallic nanoparticles or high-density plasma nanospheres with reduced ionization cross section. Based on the parameters of the numerical model described in the previous part, we localize high-density plasma responsible for further elongation and formation of the nanograting. However, it is not the case for voids. To initiate the localized plasma generation in voids, we have to enhance the scattering changing the electron collision frequency parameter to ν e = 10 14 s −1 previously used by [48] . The results of numerical calculations with a single void and with a high-density inhomogeneity demonstrate, however, that in spite of different nature of the inhomogeneities, initial intensity distribution and different parameters, the physics of the nanoplasma formation is qualitatively the same in both cases. It is related to the fact that after a thin plasma layer is generated in the near field of the initial nanosphere, further plasma generation is guided only by scattering from already organized plasma independent of the initial inhomogeneity nature. This means that the physics discussed in our article is applicable to any kind of initial inhomogeneities of the size rather smaller than the irradiation wavelength.
If the condition r λ/2πn is satisfied, the intensity distribution near nanometric laser-induced inhomogeneity is enhanced only in the direction of the electric field polarization. Figure 1(a) shows that plasma generated due to this enhancement has roughly an ellipsoid form. Interestingly, the size of the resulting stable ellipsoid depends only on the irradiation wavelength and optical parameters of the media. As the plasma dimension overcomes the laser wavelength range, we observe that the growth slows down and the backward scattering starts playing an essential role [ Fig. 1(b) ]. Such change in the scattering behavior [90] enables nanoplane elongation in the backward propagation direction [ Fig. 1(c) ].
In the far-field r λ/2πn, the interference between the incident and the scattered wave leads to the organization of periodic standing spherical waves, with intensity proportional to 1/r 2 and with a period λ/2n in the backward propagation direction [ Fig. 1(a) ]. This effect can be also observed for larger inhomogeneities consisting of quasimetallic plasma as in Fig. 1(b) and even for long nanoplanes acting as nanoantennas with reflectivity maxima at half-integer wavelength in the media [48] . Although the enhancement in the far-field backward propagation direction is rather weaker than in the near field and quickly decreases with r, Fig. 1(b) shows that it is possible to ionize the nearest enhanced regions under several tight focusing conditions by multiphoton absorption mechanism. As a result, the second nanoplasma structure is formed in the backward propagation direction. It affects the light propagation in a similar way. Figure 1(c) clearly demonstrates that such an incubation process results in the formation of a nanoplane elongated in the backward propagation direction perpendicular to the laser polarization. As the nanoplane is already formed, the process is now guided mostly by the near-field intensity enhancement at the tip of the nanoplasma [2] , leading to further elongation in the direction perpendicular to laser polarization. The length of the resulting nanoplasmas depends on the pulse duration and on the laser pulse energy, however, the final width in the polarization direction is independent of these parameters. High-fidelity visualization in fused silica confirms experimentally the evolution mechanism from a single inhomogeneity to nanocrack [7] .
B. Nanograting organization from randomly distributed inhomogeneities
In the previous section we have considered femtosecond laser-matter interaction with one nanosphere localized in fused silica. Now, attention is focused on a system of randomly distributed inhomogeneities. By using previously proposed idea of the pulse to pulse memory [58] , we consider several distributions of the laser-generated inhomogeneities, as shown in Fig. 2 . First, there are regions modified and unmodified by the previous laser pulse with an evident interface between them as it was experimentally reported in [7, 9] . Second, the inhomogeneities can be uniformly distributed. And finally and more realistically, there is a smooth concentration profile.
Sharp interface
Let us consider the first case. To analyze how the nanoplanes evolve in the presence of a sharp interface between concentration profiles, we divide our calculation volume into two regions: unmodified, without any initial inhomogeneities, and modified, with randomly distributed inhomogeneities. Electron density snapshots taken during the pulse duration reveal the temporal evolution of nanoplanes (Fig. 3) . Similar behavior was reported in experiments [7, 9] . Under tight focusing conditions, interference between the incident and scattered waves and incubation process induced by multiphoton ionization lead to the organization of first nanoplanes from the laser-induced interface. If there are few laser-induced inhomogeneities, each nanoplane grows strictly from its seed. Figure 3(a) shows, however, that several periodic intensity patterns are obtained in the region free of inhomogeneities near the interface if the concentration of inhomogeneities is increased. Nanoplasmas start following these intensity enhancements, elongating perpendicular to the laser polarization with a common period of λ/n in Figs. 3(b) and 3(c). Furthermore, we refer to this kind of nanogratings as low-frequency nanogratings (LFNGs). Moreover, in the region with initially localized inhomogeneities, corresponding to the second configuration in our numerical investigation, we observe structures with the periodicity twice smaller, high-frequency nanogratings (HFNGs).
To demonstrate the effect of the irradiation wavelength on the periodicity of LFNGs and HFNGs, Fig. 4 shows electron density profiles calculated for three laser wavelengths frequently used in the experiments with femtosecond lasers [3, 4, [7] [8] [9] 32, 91] . One can see that the periodicity of the self-organized nanoplanes is proportional to λ, in agreement FIG. 3 . Electron density snapshots are calculated by coupled 2D-FDTD (1)-(5) revealing the evolution of nanogratings (LFNGs and HFNGs) (a) 80 fs before the pulse peak, (b) at the pulse peak, and (c) 80 fs after the pulse peak. Laser irradiation conditions: pulse duration θ = 240 fs (FWHM), irradiation wavelength λ = 800 nm, and pulse energy E = 500 nJ. The line separates the region with initially localized nanospheres (modified) and the region, initially free from any inhomogeneities (unmodified). The schematic representation of the initial distribution of inhomogeneities is shown in Fig. 2(a) . The concentration of the initial inhomogeneities in the right part of the volume is C i = 1%. (5) suggesting that the nanograting period is proportional to the irradiation wavelength: (a) λ = 515 nm, (b) λ = 800 nm, and (c) λ = 1045 nm. Here electron density is normalized to its critical value at 800 nm n crit = 1.7 × 10 27 m −3 . Laser irradiation conditions: pulse duration θ = 240 fs (FWHM) and corresponding pulse energies (a) E = 400 nJ, (b) E = 500 nJ, and (c) E = 600 nJ. Snapshots are taken 80 fs after the pulse peak. The line separates the region with initially localized nanospheres (modified) and the region, initially free from any inhomogeneities (unmodified). The schematic representation of the initial distribution of inhomogeneities is shown in Fig. 2(a) . The concentration of the initial inhomogeneities in the right part of the volume is fixed to C i = 0.5% for all wavelengths (a)-(c). Note that for each wavelength, different corresponding parameters are used for multiple rate equation (5) and Keldysh photoionization rate w pi .
with several experimental observations [2, 8] . Interestingly, the nanoplanes become thicker with the increasing irradiation wavelength. First, we explain the physical origin of LFNGs. Second, we will focus on HFNGs, the structures with smaller periodicity.
Periodic structures formed at a rough interface between two media is usually associated with an interference between the incident wave and the scattered waves [92] . This interference causes periodic energy deposition [93] [94] [95] . In addition, an interference of the incident wave with the excited surface plasmon polaritons also leads to an enhancement of surface periodic structure formation under the conditions required for the surface plasmons [96] [97] [98] [99] [100] . Moreover, both scenarios were used to explain VNG formation [9, 33, 41] . Here, to elucidate the mechanism of the periodic organization of LFNGs, we study the role of each nonlinear current from the system of equations (1) . The performed calculations demonstrate that the nanoplanes are formed even for J Kerr = 0, J pi = 0, and J D z = 0. The last condition means that we neglect the electron oscillation along the axis z. In this case the fields E x and E z can be directly separated if the intensity is given as
Hence, electron density changes only due to the field component E x . The periodicity of these nanoplanes is independent of the collision frequency of excited fused silica ν e and periodic intensity patterns appear even for the case of nonexcited surface plasmons Re( ) > −n 2 [97, 99, 100] , where is dielectric permittivity defined by the Drude formalism. This fact suggests that the organization of LFNGs here is due to interface roughness. Furthermore, several phenomena contribute to the periodic nanoplane evolution: excitation of surface plasmon wave, scattering from the already organized elongated nanoplasmas, interference between the scattered waves from several laser-induced inhomogeneities, and backward scattering from a system of randomly distributed inhomogeneities.
Smooth concentration profile
Now, let us turn to a more general case of a smooth concentration profile, distributing randomly inhomogeneities in the entire numerical volume. Figure 5 reveals that nanograting formation process depends on the inhomogeneity concentration in this case. To describe the influence of the inhomogeneities on the nanoplane periodicity, we propose to define the average distance between two initial nanospheres as d = 1/ √ C i , where C i = N/S is the concentration of inhomogeneities, N is the number of the inhomogeneities in the laser-induced area S. The interference between multiple scattered waves from randomly distributed inhomogeneities strongly depends on this parameter. For widely separated nanospheres, the interference between the incident and the scattered fields dominates over all other plasmonic modes [101] . If particle dimensions are much smaller than the wavelength, the interference effect is negligible but interparticle coupling becomes significant, enabling high local concentration of electromagnetic energy in the vicinity of the conductive contact of nearly touching nanoplasmas [102] .
If there are very few nanospheres, so that d > λ/n (C i < 0.05%), each inhomogeneity acts as a seed for one nanoplasma and they are elongated randomly in the grid. For higher concentration and if λ/2n < d < λ/n (0.05% < C i < 0.5%) as in the case of pure dielectric with the seeds at its interface, the nanoplasmas elongate perpendicular to the laser polarization direction from the laser-modified inhomogeneities and the dominant period is close to λ/n due to the described interference mechanism leading to the organization of LFNGs [Figs. 5(a) and 5(d)]. However, the mechanism of the organization changes dramatically for larger concentration of inhomogeneities. This effect is due to the mutual enhancement induced by multiple scattering from nanoplasmas that becomes dominant over the interference between the incident and the scattered fields. Fig. 2(b) .
Electron density snapshots demonstrate the temporal evolution of HFNGs from randomly distributed initial inhomogeneities in Fig. 2 . The organization of HFNGs is completely different from LFNG formation. Even at the pulse peak no periodicity can be revealed yet. Nanoplasmas develop from random inhomogeneities into well-ordered patterns consequently, controlled by strong local field enhancement. From the Fourier transform of the electron density snapshot taken at the end of the pulse [ Fig. 5(e) ], one can see that the dominant period is close to λ/2n. The periodicity does not depend on the laser energy density which is the highest in the center and decreases towards the edge of the focal region as a Gaussian distribution. Note that several phenomena contribute to the observed period reduction such as intensity enhancement due to multiple scattering from the nanospheres, intensity enhancement between two organized nanoplasmas [19, 41, 103] , and half-wavelength cavity feedback [33] . If we continue to increase inhomogeneity concentration, we observe that nanoplasmas tend to merge together. Figures 5(c) and 5(f) show that we are still able to reproduce self-organized nanogratings separated by λ/3n. At larger concentration, there is no more dominant characteristic period. This fact is due to a very short average distance between the initial nanospheres, as d ≈ 50-100 nm (C i ≈ 5%). The plasma is organized by femtosecond laser irradiation of such inhomogeneities and occupies all the gaps between inhomogeneities. Thus, VNGs spaced by less than λ/4n are out of the scope of the present modeling.
To identify the physical phenomenon responsible for the organization of HFNGs, as in the previous case, we study the contributions of nonlinear currents in nanograting formation from the system of equations (1) . First, we check that J Kerr and J pi do not influence the physical process. Second, we perform calculations with J D z = 0 to check whether the role of electron oscillations along the axis z is negligible. In this case we observe no periodic organization. The electron density snapshots in Fig. 6 reveal that even for high concentration, the inhomogeneities do not interact creating nanoplanes elongated perpendicular to the laser polarization. We underline that the same procedure of switching off the J D z component in the case of LFNGs does not destroy the self-organization process. It means that different physical processes are responsible for creating LFNGs and HFNGs. Numerical calculations show that the component Fig. 2(b) .
Smooth gradient profile
Finally, to demonstrate the influence of concentration on the nanograting period, we consider the third case with a smooth gradient profile. The results shown in Fig. 7 are obtained by varying the average distance between initial nanospheres from 50 to 500 nm in space along the axis z. Electron density reveals changes in the nanograting periodicity and thickness corresponding to initial local concentration of inhomogeneities. LFNGs with period of λ/n do not have initially the interface with modified region and grow in the backward propagation direction. Therefore, the resulting structure formation is not related to the surface wave excitation as it was suggested FIG. 7 . Electron density snapshot is obtained by coupled 2D-FDTD (1)-(5) taken 80 fs after the peak of the pulse duration θ = 240 fs (FWHM), laser wavelength of 800 nm, and pulse energy of 500 nJ with initial variable concentration of inhomogeneities decreasing linearly in the z direction from C i = 5% to C i = 0.05%. The schematic representation of the initial distribution of inhomogeneities is shown in Fig. 2(c) .
in [9, 41] . Instead, it is an entirely volume effect as it was previously underlined by Buschlinger et al. [48] . If we inverse the gradient of the concentration, we see that nanostructures correspond again to the initial concentrations. Thus, the physical origin of subwavelength self-organized structures is connected to the stationary wave induced either by the interference of the incident and inhomogeneity-scattered waves in the case of LFNGs, or by an interference of several scattered waves from multiple inhomogeneities in the case of HFNGs. By increasing the concentration, we change the scattering behavior. As a result, nanoplanes with different periodicity are obtained depending on the local inhomogeneity concentration.
C. Comparison with experimental literature data
In the previous section we have examined ultrashort laser irradiation of fused silica with initial randomly distributed inhomogeneities. This section presents a more detailed comparison with the available experimental results. Figure 8 shows the calculated electron density distribution for various pulse energy. One can see that calculation results clearly confirm the previously observed three regimes of structural modifications [4] . For laser pulse with energies smaller than 0.1 μJ, the modification is smooth and is characterized by a uniform positive change in the material refractive index, as soon as the electron densities do not exceed the critical value [i, Fig. 8(a) ]. Thus, the scattering from the laser-induced inhomogeneities is rather weak to initiate the growth of planar nanoplasmas. By increasing the pulse energy, we enable their elongation perpendicular to the laser polarization [ii, Fig. 8(b) ]. In addition, by varying energy from 0.2 to 1 μJ, no changes in nanogratings period are observed, as experimentally reported in [2, 11, 91, 104] . However, beyond the energy of 1 μJ, high densities above the critical value are created in the center of tightly focused region, erasing the nanogratings at their initial state. Therefore, a complex disrupted region is interconnected with nanoplanes in the top portion of the laser-induced region [iii, Fig. 8(c)] .
To examine the role of temporal pulse width, we vary pulse duration from θ = 80 fs up to θ = 240 fs. We observe that the nanogratings are self-organized with the same characteristic period for each of these pulse durations. These results also agree with the following experiments [1, 2, 4, 10, 104] . Note that the nanogratings with a characteristic period of λ/2n have been recently revealed even for pulse duration as long as 8 ps [89] .
In what follows, we investigate periodic organization of nanostructures from randomly distributed inhomogeneities. Electron density distributions calculated by coupled FDTD (1)- (5) have strong similarities with the nanogratings observed in most experiments. A good agreement between the periods obtained numerically and experimentally [2] [3] [4] [5] is achieved. It is worth noting that the proposed mechanism of nanograting self-organization also explains possible coexistence of several characteristic periods [11, 105] as well as the nanostructures separated by subwavelength periods shorter (around λ/3n) [1, 8, 18, 27, 59 ] at higher number of pulses and larger (around λ/n) [9, 10, 106, 107] than λ/2n. According to numerical calculations, a uniform concentration profile of inhomogeneities is the most probable in the experiments, probably because of the strong arrangement (1)- (5) taken at the end of the pulse duration θ = 240 fs (FWHM) and laser wavelength of 800 nm with laser beam energy: (a) E = 50 nJ (smooth modification), (b) E = 500 nJ (birefringent modification), and (c) E = 2 μJ (disrupted modification). Electron density is normalized to its critical value at 800 nm n crit = 1.7 × 10 27 m −3 . Note that in (a) the scale is different than in (b) and in (c). The schematic representation of the initial distribution of inhomogeneities is shown in Fig. 2(b) . The concentration of the initial inhomogeneities is C i = 1%. Note that different number of rate equations (5) due to high number of pulses. Moreover, we underline the crucial role of laser-induced inhomogeneities in nanograting self-organization and the possibility of regulating the period of the nanostructures changing the inhomogeneity concentration as it has been recently evidenced experimentally either by doping fused silica [15, 59] or by varying the applied number of pulses [10, 13, 19, 107] .
Interestingly, similar experimental results of nanograting period dependence on laser pulse number were obtained for λ = 515 nm [8] and for λ = 1550 nm [10] . In fact, these experimental findings correlate fairly well with the concentration of inhomogeneities in numerical modeling, as Fig. 9 shows. Based on the mechanism of nonlinear ionization memory from pulse to pulse [58] , new inhomogeneities are organized pulse by pulse. Hence the concentration of inhomogeneities is proportional to the number of pulses. Such assumption allows us to explain the phenomenon of the decreasing nanograting FIG. 9 . Period dependence on the number of pulses from experimental data [8, 10] comparing with the dependence on the concentration of inhomogeneities from numerical modeling. period in terms of the decreasing average distance between the laser-induced inhomogeneities. The period depends strongly on the concentration and continuously decreases depending on different ways of scattering from the multiple nanoplasmas. We note that the exact values of number of pulses are correlated with the corresponding inhomogeneity concentrations without any straightforward equivalence. Thus, if the applied number of pulses remains low, the periodicity sharply decreases. At high number of pulses, a smoother transition emerges. The same tendency has been obtained for low and high inhomogeneity concentrations.
In our calculations, each nanoplane consists of numerous high density laser-induced plasmas initiated from randomly distributed initial inhomogeneities and "frozen" at different steps of their evolution. Thus, there are two types of nanoplasmas: (i) those that are significantly elongated up to several hundreds of nanometers perpendicular to the laser polarization, and (ii) the other ones with a diameter of 10-20 nm. Similar structures were observed in [5, 10, 78] .
Finally, the results of a series of complete 3D-FDTD simulations are presented in Fig. 10 . Electron density snapshot taken in the plane xOy perpendicular to the laser wave propagation presented in Fig. 10(b) reveals the orientation of the self-organized nanogratings strictly perpendicular to the laser polarization. Figure 10(d) demonstrates that by changing the polarization of the electric field, we rotate the nanoplanes in space. Again, we obtain the nanograting orientation perpendicular to the laser polarization in agreement with the experimental observations [2, 11, 17] . The results in xOz plane by 2D-FDTD are shown to be consistent with the results obtained by 3D-FDTD. By switching off the currents J D z or J D y , we find that the self-organization process does not occur anymore in both cases. This fact proves that the structures are formed by an interference of the multiple scattered waves of the orthogonal fields E z and E y . This implies that the role of the electron oscillations along z and y axes is not negligible. Therefore, the structures correspond to the HFNG type. The periodicity of the structures is close to the half of the laser wavelength in glass. We note that the same periodicity is revealed by our 2D-FDTD calculations with the same initial 075427-9 FIG. 10. Electron density snapshots are obtained by coupled 3D-FDTD (1)-(5) taken at the end of the pulse duration θ = 120 fs (FWHM) with laser beam energy E = 300 nJ and irradiation wavelength of 800 nm for different electric field polarizations: (a) and (b) electric field is along Ox, and (c) and (d) electric field lies in xOy and has π/4 angle with the axe Ox. Electron density is normalized to its critical value at 800 nm n crit = 1.7 × 10 27 m −3 . The schematic representation of the initial distribution of inhomogeneities is shown in Fig. 2(b) . The concentration of the initial inhomogeneities is C i = 1%. inhomogeneity concentration of smooth distribution profile. We underline that the orientation of the HFNG structures is always perpendicular to the laser polarization.
The presented model does not describe all sets of complex thermomechanical and chemical processes taking place between two pulses in fused silica during VNG formation. Nevertheless, these simplified calculation results help to shed new light at the role of laser-induced inhomogeneities, interference between the incident and inhomogeneityscattered waves, multiple scattering, local field enhancement resulting in plasma elongation, and nanograting selforganization in direction perpendicular to the laser irradiation. In particular, the model is able to explain the previously observed period to be close to λ/2n. The development of a more complete model is underway and is out of the scope of the present article.
IV. CONCLUSION
We have numerically investigated the mechanisms of VNG formation under femtosecond laser irradiation of fused silica with randomly distributed nanometric inhomogeneities by solving nonlinear Maxwell's equation coupled with multiple rate electron density equation taking into account both avalanche and complex Keldysh photoionization. Our numerical model is capable to reproduce three regimes of modification in fused silica: (i) smooth modification, (ii) birefringent modification enabling the nanograting self-organization, and (iii) complex disruptive modification at higher laser pulse energies.
By analyzing the calculated electron density distribution, we have revealed and explained the evolution from small spherical nanometric inhomogeneities to periodical nanoplanes. Three cases have been considered: (i) with a sharp interface between modified and unmodified regions, (ii) with a constant concentration, and (iii) with a smooth concentration profile. In all these cases, periodic nanostructure formation has been observed. The obtained results have shown that the period of nanoplanes growing perpendicularly to the laser polarization depends strongly on the irradiation wavelength. These facts agree fairly well with previous experimental observations. Furthermore, 3D-FDTD modeling has shown that nanostructures can be rotated in space by changing the electric field polarization.
The nanograting formation is attributed to an interplay of several physical processes, such as an interference between the incident and the scattered waves, multiple scatterings, local field enhancement, and accumulation processes driven by multiphoton ionization. More particularly, we have underlined two different regimes of scattering responsible for the formation of the nanogratings with different periodicity. The first one is due to the interference between the incident wave and the inhomogeneity-scattered waves resulting into the organization of nanoplanes with a characteristic period of the laser irradiation wavelength in glass (LFNGs). Particularly, such phenomenon takes place in the presence of a sharp interface. The second one, for a smooth concentration profile, is due to the interference in multiple scattering from nearly touching inhomogeneities induced by the electric fields orthogonal to the laser polarization which leads to the formation of high-frequency nanogratings (HFNGs).
An explanation of the pulse number effect on the nanograting periodicity is furthermore proposed based on the mechanism of the nonlinear ionization memory and correlation between the concentration of inhomogeneities and the number of pulses. As the concentration is related to the separation distance between laser-induced nanospheres, the periodicity decreases with the increasing number of pulses due to different regimes of multiple scattering on nanoscale inhomogeneities.
Finally, the performed numerical modeling shows that laser-induced inhomogeneities play a crucial role in VNG formation. The nanometric inhomogeneities are not only the seeds and the initial reason for periodic nanograting selforganization [48] but also the attributes guiding the whole process. Without these seeds, it is impossible to explain nanoplane period and their thickness. Thus, a control over the nanostructure properties is probably possible by slightly doping fused silica. The performed study helps to better understand the phenomena involved in volume nanograting development, which is crucial for the development of a wide range of applications in femtosecond laser material processing, particularly, nanofluidic channels for biomedicine and DNA molecular analysis, optical data storage devices, and computer-generated holograms for informatics [20] [21] [22] [23] [24] [25] [26] .
